
POMDP Sensor Scheduling with Adaptive Sampling
Vikram Krishnamurthy

Department of Electrical and Computer Engineering
University of British Columbia
Vancouver, V6T 1Z4, Canada
email: vikramk@ece.ubc.ca

Abstract—We consider the sensor scheduling problem where a
decision maker can choose from a finite set of sampling intervals
to pick the next time to observe the noisy state of Markovian
target. The aim is to optimize an objective comprising of false
alarm, delay cost and cumulative measurement sampling cost.
Taking more frequent measurements yields accurate estimates
but incurs a higher measurement cost. Making an erroneous
decision too soon incurs a false alarm penalty. Waiting too long
to declare the target state incurs a delay penalty. The problem
is an instance of a partially observed Markov decision process
(POMDP). This paper reviews structural results in POMDPs. The
paper then shows that under reasonable conditions, the optimal
strategy has the following intuitive structure: when the posterior
distribution of the Markov chain is away from the target state,
look less frequently; while if the posterior is close to the target
state, look more frequently.

I. INTRODUCTION AND EXAMPLE

This paper analyzes the structure of the optimal sampling
strategy in sensor scheduling The problem is an instance
of a partially observed Markov decision process (POMDP)
[2]. In general (worst case), solving a POMDP is com-
putationally intractable [3]. However, the optimal sampling
problem considered in this paper results in a POMDP that
has a monotone optimal strategy and hence a simple finite
dimensional structure.

To illustrate this structure via a numerical example, as-
sume the decision maker observes a two-state Markov
chain via a binary erasure channel (parameters speci-
fied in Example 1, Sec.VI). Suppose the action space is
{0 (announce change), 1, 2, 3, 4} where actions 1, 2, 3, 4 cor-
respond to choosing sampling intervals of D1 = 1, D2 =
3, D3 = 5, D4 = 10, respectively. (So at each decision
time, the decision maker can either stop or look at the
Markov chain in 1, 3, 5 or 10 time points.) Fig.1(a) and (c)
show the optimal sampling strategy (computed via stochastic
dynamic programming) for quickest detection (where one state
is absorbing) and quickest state estimation (with no absorbing
state). The horizontal axis denotes the posterior distribution
π(1) of the target state while the vertical axis denotes the
optimal action taken. For example in Fig.1(a), for π(1) < π∗4 ,
it is optimal to look every 10 time points at the noisy Markov
chain, for π(1) in the interval [π∗4 , π

∗
3 ] look every 5 points at

the noisy Markov chain, etc. The key point in Fig.1(a) and (c)
is that the optimal strategy is decreasing in posterior π(1).

This paper is a shortened version of [1].

Intuition suggests that under suitable assumptions such a
monotone strategy is sensible: Since the decision maker is
interested in detecting when the Markov chain hits the target
state, there is little point in incurring a measurement cost
by looking at the Markov chain when its posterior suggests
that it is far away from the target state. (The target state has
posterior π(1) = 1). If posterior π(1) gets close to 1, then the
decision maker should pay a higher sampling cost and look
more frequently.

This paper shows that under reasonable conditions, the op-
timal sampling strategy has this monotone structure. The use-
fulness of the main results (Theorems 1 and 2) are enhanced
by noting that without introducing appropriate conditions, the
optimal strategy is not necessarily monotone. Fig.1(b) and (d)
give examples where the sufficient conditions of Theorem 2
are violated and the optimal strategy is no longer monotone.
In particular, Fig.1(d) (quickest state estimation) shows that
the optimal policy can be non-monotone if the transition
matrix does not satisfy the totally positive (TP2) assumption
of Sec.IV. It shows that the transition probabilities play an
important role in the structure of the optimal strategy.

Related Works: The main idea is to give sufficient conditions
so that the optimal strategy µ∗(π) = argminuQ(π, u) is
‘monotone’ in posterior π, where Q is obtained from stochastic
dynamic programming, and ‘monotone’ is with respect to a
partial order (monotone likelihood ratio stochastic order) of
posterior distributions π. Lattice programming and “monotone
comparative statics” [4] provide a general set of sufficient
conditions for the existence of monotone strategies.

Several examples in active/smart/cognitive sensing [5] use
measurement-sampling control. Quickest detection has been
studied widely, see [6], [7]. The results in the current paper are
more general than [8] to the propagation of different dynamics
for the multiple continue actions, general observation noise
distributions (Gaussians, exponentials, discrete memoryless
channels) and the possibility of a non-absorbing target state.
This is a useful feature of the lattice programming approach
[9], [2] used here.

Quickest state estimation where the target state is not
absorbing arise in cued sensing applications in active/adaptive
radar systems. Suppose the kinematic coordinates of a moving
target are classified into a finite number of states e.g., ‘in
range’ or ‘out of range’. A sensor obtains noisy measurements
of this kinematic state. Due to constraints in its agility, the
sensor can only revisit a target at specified time intervals Du,
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(a) Quickest Detection:
Monotone Strategy
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(b) Quickest Detection: Un-
structured Strategy
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Monotone Strategy
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(d) Quickest Estimation:
Unstructured Strategy

Fig. 1. Optimal sampling strategy µ∗(π) for a quickest-change detection
and quickest estimation problem [1]. (a) and (b) are for quickest detection
where a 2-state Markov chain jumps once with geometric distribution to the
target state. (c) and (d) are for a quickest estimation problem where a 2-
state Markov chain jumps in and out of the target state. The action space
is u ∈ {0 (announce change) , 1, 2, 3, 4} where actions 1, 2, 3, 4 correspond
to choosing sampling intervals D1 = 1, D2 = 3, D3 = 5, D4 = 10,
respectively. The noisy observations are from a binary erasure channel and
the parameters are specified in Example 1 of Sec.VI. Fig.1(a) and (c) depicts
monotone decreasing optimal strategies in posterior π(1). Theorems 1 and 2
gives sufficient conditions so that the optimal sampling strategy µ∗(π) has
this monotone structure. The threshold values in (a), namely, π∗

1 , π
∗
2 , π

∗
3 , π

∗
4

give a finite dimensional characterization of the optimal strategy. Fig.1(b) and
(d) give examples where the conditions of Theorem 2 are violated.

u ∈ {1, 2, . . . , L}. If the state estimate is ‘in range’, then the
sensor cues a high resolution sensor (radar) to examine the
target more carefully. The high resolution sensor is a resource
that needs to be allocated amongst several targets [5]. If the
sensor falsely cues the high resolution sensor when the target
is out of range, it pays a penalty and the procedure terminates.
The longer the sensor waits to cue the high resolution sensor,
the more the delay penalty accumulated (increased threat).

Similar applications also arise in cued sensing for activity
reminder [10], [11] in body area networks. The states of the
Markov chain constitute different possible activities performed
by a person. Suppose the person aims to perform a specified
activity (say activity 2) but due to cognitive impairment
(strokes or other brain injury) can become confused and switch
between activity 2 and another similar activity (say activity
1). A sensor network (RFID, pressure mats and GPS) obtains
noisy observations of the measured activity at each time. The
aim is to devise an automated decision system that reminds
(cues) the cognitively impaired person about the specified
activity 2 when it detects that he is straying from this activity.
The automated system should cue the person as quickly
as possible when the state estimate indicates straying from
activity 2 to activity 1 since he may be physically incapable
of carrying out the activity for more than a few time instants
(delay penalty). Also, cueing the person while he is doing the
specified activity 1 can lead to confusion (false alarm).

II. REVIEW OF STRUCTURAL RESULTS FOR POMDPS

In general POMDPs are intractable to solve (PSPACE
hard). Therefore giving sufficient conditions on the POMDP
parameters for which the structure of the optimal policy can be
characterized (monotone in the belief) is crucially important.
We review various structural results available for POMDPs.
Let X denote the state space dimension of the Markov chain
and Π(X) denote the belief space comprising of belief states
(posteriors) π that are X-dimensional probability vectors.

X = 2 case: For X = 2, Π(X) is the interval [0, 1] and
therefore can be completely ordered. For X = 2 and action
dependent transition probabilities, [9] develops sufficient con-
ditions for the optimal policy of a POMDP to be increasing
in π. ([9] does not generalize to action dependent observation
probabilities.) In contrast, [12] give sufficient conditions for
the optimal policy a POMDP with with action dependent
probabilities to be increasing in π in the context of a highly
stylized optimal search problem for a moving target. They
consider the case where X = 2 (target moves between two
cells) there are 2 actions (search cell 1 or cell 2) and 2-
observation case (target found, not found).

X > 2 case: In general, Π(X) is an X−1-dimensional unit
simplex. Comparing beliefs requires using stochastic orders
which are partial orders - the monotone likelihood ratio order
is widely use since it is preserved under conditional expec-
tations. For a general POMDP, determining useful sufficient
conditions that yield a monotone policy with respect to a
stochastic order is an open problem. However, the following
special cases are known: For a stopping time POMDP problem
(where one action is a stop action that terminates the problem),
[13] shows that the stopping set is a convex subset of Π(X).
This implies that the curve that constitutes the boundary of the
stopping set is differentiable almost everywhere. In [2], [14]
sufficient conditions are given so that the optimal policy can be
lower bounded by a non-trivial myopic policy. Unfortunately,
these sufficient conditions do no yield non-trivial examples;
[8], [1], [15] modify these conditions in terms of copositivity
to yield useful examples; in particular [15] shows that the
optimal policy can be upper and lower bounded by judiciously
chosen myopic policies. In standard POMDPs, the instanta-
neous cost is a linear function of the belief state. However,
in sensor scheduling applications one is often interested in
minimizing the variance of the estimated state - in this case,
the instantaneous cost is a quadratic function of the belief.
In [16], [8], the structural results in [2], [14] are adapted to
these nonlinear costs. For POMDPs with action dependent
observation probabilities (where the transition probabilities
are not action dependent), if the observation probabilities for
one action Blackwell dominate those for another action, then
also the optimal policy can be lower bounded by a non-
trivial myopic policy [14]. Finally, multivariate observation
distributions can be dealt with using the totally positive of
order 2 (TP2) stochastic order; see [14], [17].



III. FORMULATION OF OPTIMAL SAMPLING PROBLEM

Let t = 0, 1, . . . denote discrete time and xt denote a
Markov chain on the state space {e1, . . . , eX}, where ei is
the X-dimensional unit vector with 1 in the i-th position.
Here state ‘1’ (corresponding to e1) is labelled as the “target
state”. Denote X = {1, 2, . . . , X} and the X × X transition
probability matrix A and the X×1 initial distribution π0 where

A = (Aij , i, j ∈ X), Aij = P (xt+1 = ej |xt = ei)

π0 = (π0(i), i ∈ X), π0(i) = P (x0 = ei). (1)

A. Measurement Sampling Protocol

Let τ0, τ1, . . . , τk−1 denote previous discrete time instants at
which measurement samples were taken, where by convention
τ0 = 0. Let τk denote the current time-instant at which a
measurement is taken. The measurement sampling protocol
proceeds according to the following steps:
Step 1. Observation: A noisy measurement yk ∈ Y at time τk,
k = 1, 2, . . . of the Markov chain is obtained with

P (yk ≤ ȳ|xτk = ex) =
∑
y≤ȳ

fxy, x ∈ X (2)

Step 2. Sequential Decision Making: Let Ik =
(y1, . . . , yk, u0, u1, . . . , uk−1) denote the history of past
decisions and available observations. At times τk, a decision
uk is taken where

uk = µ(Ik) ∈ U = {0 (announce change), 1, 2, . . . , L} (3)

and uk = l denotes: obtain next measurement after Dl time
points, l ∈ {1, 2, . . . , L}. The initial decision at time τ0 = 0
is u0 = µ(π0) where π0 is the initial distribution specified in
(1). In (3), the strategy µ belongs to the class of stationary
decision strategies denoted µ. Also, D1 < D2 < · · · < DL

are L distinct positive integers that denote the set of possible
sampling time intervals. Thus the decision uk specifies the
next time τk+1 to make a measurement as follows:

τk+1 = τk +Duk
, uk ∈ {1, 2, . . . , L}, τ0 = 0. (4)

Step 3. Costs: If decision uk ∈ {1, 2, . . . , L} is chosen, a de-
cision cost c(xt, uk) is incurred by the decision-maker at each
time t ∈ [τk, . . . , τk+1−1] until the next measurement is taken
at time τk+1. Also at each time τk, k = 0, 1, . . . , k∗ − 1, the
decision maker pays a non-negative measurement (sampling)
cost m̄(xτk , xτk+1

, yk+1, uk) to observe the noisy Markov
chain at time τk+1 = τk +Duk

. In terms of the policy µ(Ik),
this is equivalent to choosing the measurement cost as

m(xτk = ei, uk) =∑
j

ADuk |ijfjy m̄(xτk = ei, xτk+1
= ej , yk+1 = y, uk) (5)

where ADu |ij denotes the (i, j) element of matrix ADu .
Step 4: If at t = τk∗ , uk∗ = 0 is chosen, then a terminal cost
c(xτk∗ , 0) is incurred and the problem terminates.
If decision uk ∈ {1, 2, . . . , L}, set k to k + 1. Go to Step 1.

B. Belief State Formulation

It is convenient to re-express Step 2 of the above protocol
in terms of the belief state. Since µ is non-randomized, (3)
is equivalent to uk = µ(Fk), where Fk is the σ-algebra
generated by (y1, . . . , yk). It is well known from elementary
stochastic control [2] that the belief state (posterior) constitutes
a sufficient statistic for Ik. So it suffices to choose uk = µ(πk)
where πk = E{xτk |Fk} denotes the belief state and

πk = (πk(i), i ∈ X) where πk(i) = P (xτk = ei|Ik), (6)

initialized by π0. It is easily proved that the belief state is
updated via the Bayesian (Hidden Markov Model) filter

πk = T (πk−1, yk, uk−1), where T (π, y, u) =
fy(A′)Duπ

σ(π, y, u)
,

σ(π, y, u) = 1′Xfy(A′)Duπ (7)
fy = diag(f1y, f2y, . . . , fXy), where fxy is defined in (2).

Here σ(π, y, u) is the normalization measure of the Bayesian
update with

∑
y σ(π, y, u) = 1. Also, A′ denotes transpose of

matrix A and 1X denotes the X dimensional vector of ones.
Note that π in (7) is an X-dimensional probability vector. It
belongs to the X − 1 dimensional unit-simplex denoted as

Π(X)
4
=
{
π ∈ RX : 1′Xπ = 1, 0 ≤ π(i) ≤ 1 for all i ∈ X

}
.

(8)

C. Sequential Decision-maker’s Objective and Stochastic Dy-
namic Programming

Define the {Fk, k ≥ 1} measurable stopping time k∗ as

k∗ = {inf k : uk = 0 (announce target state and stop) }.
(9)

That is, k∗ is the epoch and τk∗ is the time at which the deci-
sion maker declares the target state has been reached and the
problem terminates. For initial distribution π0 ∈ Π(X), and
strategy µ, the decision maker’s global objective function is

Jµ(π0) = Eµπ0

{k∗−1∑
k=0

[
m(xτk , uk) +

τk+1−1∑
t=τk

c(xt, uk)

]

+ c(xτk∗ , uk∗)

}
(10)

Recall that the decision cost c(x, u) and measurement sam-
pling cost m(x, u) are defined in Step 3 of the protocol. Using
the smoothing property of conditional expectations, (10) can
be expressed in terms of the belief state π as

Jµ(π0) = Eµπ0

{
k∗−1∑
k=0

C (πk, uk) + C (πk∗ , uk∗ = 0)

}
(11)

where C(π, u) = C ′uπ for u ∈ U

Cu =

{
mu + (I +A+ · · ·+ADu−1)cu u ∈ {1, 2, . . . , L}
c0 u = 0

cu =
[
c(e1, u), . . . , c(eX , u)

]′
, (12)

mu =
[
m(e1, u), . . . ,m(eX , u)

]′
.



The decision-maker aims to determine the optimal strategy
µ∗ ∈ µ to minimize (12), i.e.,

Jµ∗(π0) = inf
µ∈µ

Jµ(π0). (13)

Considering the global objective (12), the optimal stationary
strategy µ∗ : Π(X) → U and associated optimal objective
Jµ∗(π) are the solution of the following Bellman’s stochastic
dynamic programming equation

µ∗(π) = arg min
u∈U

Q(π, u), Jµ∗(π) = V (π) = min
u∈U

Q(π, u),

Q(π, u) = C(π, u) +
∑
y∈Y

V (T (π, y, u))σ(π, y, u), u = 1, . . . , L,

Q(π, 0) = C(π, 0). (14)

Recall T (π, y, u) and σ(π, y, u) were defined in (7). The above
formulation is a POMDP. Define the set of belief states where
it is optimal to apply action u = 0 as

S = {π ∈ Π(X) : µ∗(π) = 0}
= {π ∈ Π(X) : Q(π, 0) ≤ Q(π, u), u ∈ {1, 2, . . . , L}}.

(15)

S is called the stopping set since it is the set of belief states
to “declare target state and stop”.

Since the belief state space Π(X) is an uncountable set,
Bellman’s equation (14) does not translate directly into nu-
merical algorithms. We will exploit the structure of Bellman’s
equation to prove various structural results about the optimal
strategy µ∗ using lattice programming.

D. Quickest Change Detection with Optimal Sampling

In quickest detection, the target state (labelled as state 1 by
convention) is absorbing. States 2, . . . , X (corresponding to
unit vectors e2, . . . , eX ) are fictitious states that the Markov
chain xt resides in before jumping into the absorbing state.
So the transition matrix (1) is

A =

[
1 0

A(X−1)×1 Ā(X−1)×(X−1)

]
. (16)

The “change time” Γ denotes the time at which xt enters the
absorbing state 1, i.e.,

Γ = inf{t > 0 : xt = e1}. (17)

Of course, if X = 2 then the change time Γ in (17) is
geometrically distributed.
For a multi-state Markov chain, to ensure that Γ is finite, as-
sume states 2, 3, . . . X are transient. This is equivalent to Ā in
(16) satisfying

∑∞
n=1 Ā

n|ii <∞ for i = 1, . . . , X−1 (where
Ān|ii denotes the (i, i) element of the n-th power of matrix
Ā). With the transition probabilities (16), the distribution of
the change time Γ is given by the PH-distribution

P (Γ = 0) = π0(1), P (Γ = t) = π̄′0Ā
t−1A, t ≥ 1 (18)

where π̄0 = [π0(2), . . . , π0(X)]′. By choosing (π0, A) and
state space dimension X , one can approximate any given

change-time distribution on [0,∞) by PH-distribution (18);
see [18, pp.240-243].

Since states 2, 3, . . . . , X are fictitious states that shape the
PH-distributed change time, they are indistinguishable in terms
of the observation: f2y = f3y = · · · = fXy, for all y ∈ Y.

Associated with the quickest detection problem are:
(i) False Alarm: Let τk∗ denote the time at which decision
uk∗ = 0 (stop and announce target state) is chosen, so that
the problem terminates. If the decision to stop is made before
the Markov chain reaches the target state 1, i.e., τk∗ < Γ, then
a unit false alarm penalty is paid. So the false alarm penalty
at epoch k = k∗ is

∑
i 6=1 I(xτk = ei, uk = 0). The expected

false alarm penalty at epoch k = k∗ is∑
i 6=1

E{I(xτk = ei, uk = 0)|Fk} = (1X − e1)′πkI(uk = 0).

(19)
Recall 1X denotes the X-dimensional vector of ones.
(ii) Delay cost of continuing: Suppose decision uk ∈
{1, 2, . . . , L} is taken at time τk. So the next sampling time
is τk+1 = τk +Duk

. Then for any time t ∈ [τk, τk+1− 1], the
event {xt = e1, uk} signifies that a change has occurred but
not been announced by the decision maker. Since the decision
maker can make the next decision (to stop or continue) at τk+1,
the delay cost incurred in the time interval [τk, τk+1 − 1] is
d
∑τk+1−1
t=τk

I(xt = e1, uk) where d is a non-negative constant.
For uk ∈ {1, 2, . . . , L}, the expected delay cost in interval
[τk, τk+1 − 1] = [τk, τk +Duk

− 1] is

d

τk+1−1∑
t=τk

E{I(xt = e1, uk)|Fk}

= de′1(I +A+ · · ·+ADuk
−1)′πk. (20)

(iii) Measurement Sampling Cost: Suppose decision
uk ∈ {1, 2, . . . , L} is taken at time τk. As in (12) let
muk

= (m(xτk = ei, uk), i ∈ X) denote the non-negative
measurement cost vector for choosing to take a measurement.
Next, since in quickest detection, states 2, . . . , X are fictitious
states that are indistinguishable in terms of cost, choose
m(e2, u) = . . . = m(eX , u).

IV. OPTIMAL SAMPLING POLICY FOR 2-STATE CASE

This section analyzes the structure of the optimal sampling
strategy µ∗(π) (solution of Bellman’s equation (14)) for two-
state Markov chains (X = 2). Recall that two-state Markov
chains model geometric distributed change times in quickest
detection problems.

We list the following assumptions:
(A0) The target state e1 belongs to the stopping set S defined

in (15). irreducible.
(A1) C(ei, u) in (12) is increasing with i ∈ X for u ∈ U .
(A1) C(ei, u) in (12) is decreasing with i ∈ X for u ∈ U .
(A2) The transition matrix A is totally positive of order 2

(TP2), that is, all second order minors are non-negative.
(A3) The observation distribution f is TP2, that is, fi+1,y/fiy

is increasing in y for each state i.



(A4) C(ei, u) is submodular in (i, u) where i ∈ X and u ∈
{1, 2, . . . , L}, that is, C(ei, u+1)−C(ei, u) is decreasing
in i ∈ X.

(A0) ensures that the stopping problem is well posed. It
says that if it was known with certainty that the target state
e1 has been reached, then it is optimal to stop. For quickest
time detection it holds trivially since C(e1, 0) ≤ C(π, u)
for u ∈ {1, . . . , L}, π ∈ Π(X). The second part of (A0)
ensures that Γ is finite and state 1 is recurrent. (A0) is
assumed throughout and not will be repeated subsequently.
The remaining assumptions are discussed below in Sec.IV-C.

A. Optimality of Threshold Policy for Quickest Detection with
Sampling

Consider quickest detection with optimal sampling for ge-
ometric distributed change time. From (16), the transition

matrix is A =

[
1 0

1−A22 A22

]
and expected change time

is E{Γ} = 1
1−A22

where Γ is defined in (17). For a 2-state
Markov chain since π(1) + π(2) = 1, it suffices to represent
π by its first element π(1) ∈ [0, 1]. since Π(X) = [0, 1].

Theorem 1: Consider the quickest detection optimal
sampling problem of Sec.III-D with geometric-distributed
change time. Assume the measurement cost m(ei, u) sat-
isfies (A1), (A4) and the observation distribution satisfies
(A3). Then there exists an optimal strategy µ∗(π) with
the following monotone structure: There exist up to L
thresholds denoted π∗1 , . . . , π

∗
L with 0 ≤ π∗L ≤ π∗L−1 ≤

· · · ≤ π∗1 ≤ 1 such that, for π(1) ∈ [0, 1],

µ∗(π) =



L if 0 ≤ π(1) ≤ π∗L
L− 1 if π∗L < π(1) ≤ π∗L−1
...

...
1 if π∗2 < π(1) ≤ π∗1
0 (announce change ) if π∗1 < π(1) ≤ 1.

(21)
Here the sampling intervals are ordered as D1 < D2 <
. . . < DL. So the optimal sampling strategy (21) makes
measurements less frequently when the posterior π(1) is
away from the target state and more frequently when
closer to the target state e1.

Theorem 1 is a special case of Theorem 2, that we will
present below (where state 1 is not necessarily absorbing).

There are two main conclusions regarding Theorem 1. First,
for constant measurement cost, (A1) and (A4) hold trivially.
Then Theorem 1 only requires (A3) which holds for several
classes of discrete and continuous observation distributions
as discussed in Sec.IV-C. For the general measurement cost
m̄(xτk+1

= ej , yk+1, uk) (see (5)) that depends on the state at
epoch k+ 1, then m(ei, u) in (5) automatically satisfies (A4)
if A satisfies (A2) and m̄ is decreasing in j.

Second, the optimal strategy µ∗(π) is monotone in posterior
π(1) and therefore has a finite dimensional characterization.

To determine the optimal strategy, one only needs to determine
(estimate) the values of the L thresholds π∗1 , . . . , π

∗
L. These can

be estimated via a simulation-based stochastic optimization.

B. Optimality of Threshold Strategy for Sequential Sampling

In this section we consider the general optimal sampling
problem where the 2-state Markov chain can jump in and out
of the target state 1. We will give sufficient conditions for the
optimal strategy to be monotone on a subset denoted ΠM of
the belief space Π(X) = [0, 1]. Define

ΠM = {π(1) : 0 ≤ π(1) ≤ πM},

where πM =
A22 −A2|22

A22 −A2|22 +A11 −A2|11
. (22)

The intuition for specifying ΠM is that for π ∈ ΠM,
the filtering update (7) satisfies the following property under
(A2): the first element π(1) of T (π, y, u) always is smaller
than that of T (π, y, u+ 1) (equivalently, T (π, y, u) first order
stochastically dominates T (π, y, u + 1)). This property is
crucial to prove that the optimal strategy has a monotone
structure.

The following is the main result of this section (and includes
Theorem 1 as a special case).

Theorem 2: Consider the optimal sampling problem of
Sec.III with state dimension X = 2 and action space U
in (3). Then the optimal strategy µ∗(π) in (14) has the
following structure:
(i) The optimal stopping set S (15) is a convex subset
of Π(X). Therefore, the stopping set is the interval
S = (π∗1 , 1] where the threshold π∗1 ∈ [0, 1].
(ii) Under (A1-A4), there exists an optimal sampling
strategy µ∗(π) defined in (14) that is decreasing in π(1)
for π(1) ∈ ΠM ∪ S where ΠM is defined in (22).
(iii) As a consequence of (i) and (ii), there exist up to
L thresholds denoted π∗1 , . . . , π

∗
L in ΠM ∪ S with 0 ≤

π∗L ≤ π∗L−1 ≤ · · · ≤ π∗1 such that, for π(1) ∈ ΠM ∪ S ,
the optimal strategy has the monotone structure of (21).

Corollary 1: Consider the quickest state estimation prob-
lem with setup identical to the quickest detection problem
of Theorem 1 except that the transition matrix A does not
necessarily have an absorbing state. Assume A satisfies (A2).
Then the conclusions of Theorem 1 hold on ΠM ∪ S where
ΠM is defined in (22). �

The proof of Theorem 2 and Corollary 1 is in [1].
Proving Theorem 2 involves analyzing the structure of

Bellman’s equation (14). It involves showing that Q(π, u)
in (14) is a submodular function on the partially ordered
set [ΠM,≥r] which constitutes a lattice. Here ≥r denotes
the monotone likelihood ratio stochastic order. For X = 2,
Π(X) is the unit interval [0,1] and in this case [ΠM,≥r] is a
chain (totally ordered set) and ≥r is equivalent to first order
stochastic dominance (denoted as ≥s).



C. Discussion of Assumptions A1-A4

As mentioned above, Theorem 1 and Corollary 1 are special
cases of Theorem 2. To illustrate the assumptions of Theorem
2, we now prove Theorem 1 and Corollary 1 by showing
that assumptions that (A1-A4) hold. Recall from (16) that for
quickest detection with geometric change time,

A =

[
1 0

1−A22 A22

]
. So ADu =

[
1 0

1−ADu
22 ADu

22

]
.

(23)
1) Assumption (A1): This requires that the elements of the

all cost vectors C(ei, u) are increasing in i for all u. However,
quickest detection/estimation is complicated by the fact that
(A1) does not hold since C(ei, 0) is increasing in i while
C(ei, u), u ≥ 1 are decreasing in i if the measurement cost m
is a constant. The trick is to transform these costs so that they
are either all increasing without altering the optimal strategy.
We refer the reader to [1] for details.

As a consequence, it follows that Theorem 2 holds and the
optimal strategy for the transformed costs is monotone in the
posterior distribution. Since the strategy µ∗(π) is unchanged
by the transformation, Theorem 2 holds for the original costs
C(π, u), thereby proving Theorem 1.

2) Assumption (A2): From the structure of transition matrix
A in (23), clearly (A2) holds automatically for the quickest
detection problem. For numerous examples of TP2 transition
matrices, see [19]. Also, A does not need to have an absorbing
state for Theorem 2 to hold.

3) Assumption (A3): Numerous continuous and discrete
noise distributions satisfy the TP2 property, see [19]. Examples
include Gaussians, Exponential, Binomial, Poisson, etc. Exam-
ples of discrete observation distribution satisfying (A3) include
binary erasure channels – see Sec.VI. A binary symmetric
channel with error probability less than 0.5 also satisfies (A3).

4) Assumption (A4): In general, Theorem 2 requires the
costs C(ei, u) to be submodular. However, for the special
case of quickest detection with optimal sampling, one only
needs the measurement cost m(ei, u) to be submodular, i.e.,
m(ei, u+ 1)−m(ei, u) is decreasing in i. This holds trivially
if the measurement cost is independent of the state or action.

V. MONOTONE BOUNDS TO OPTIMAL STRATEGY FOR
MULTI-STATE MARKOV CHAIN

We now consider optimal sampling for multi-state Markov
chains (X ≥ 3) observed in noise. For X ≥ 3, determin-
ing sufficient conditions for the optimal strategy to have a
monotone structure is an open problem [2]. This motivates
the question: Can the optimal strategy be lower and upper
bounded by monotone strategies? This section shows that
the optimal strategy can be indeed be bounded by monotone
strategies that are myopic. Such judiciously chosen myopic
strategies provide rigorous and easily computable bounds in
strategy space to an intractable POMDP.

The result below shows that the optimal sampling strategy
µ∗(π) is lower bounded by a monotone strategy that is myopic.

Define myopic strategy µ(π) and myopic stopping set S by

µ(π) = arg min
u∈U

C(π, u) (24)

S = {π ∈ Π(X) : µ(π) = 0}
= {π ∈ Π(X) : C(π, 0) < C(π, u), u ∈ {1, 2, . . . , L}}.

So S is the set of belief states for which the myopic strategy
declares stop.

Theorem 3: Consider the sequential sampling problem
of Sec.III with optimal strategy specified by (14). Then

1) The stopping set S defined in (15) is a convex subset
of the belief state space Π(X).

2) S ⊂ S where S is the myopic stopping set defined
in (24).

3) Under (A1), (A2), (A3), myopic strategy µ(π) de-
fined in (24) forms a lower bound to the optimal
strategy µ∗(π), i.e., µ∗(π) ≥ µ(π) for all π ∈
ΠM − S . Here ΠM = {π : A′π ≥r A2′π}. Under
(A1) (A2), (A3), µ(π) forms an upper bound to
optimal strategy µ∗(π), i.e., µ∗(π) ≤ µ(π) for all
π ∈ ΠM − S .

4) If (A4) holds, then the myopic strategy is µ(π) is
increasing with π for π ∈ Π(X) with respect to the
MLR stochastic order.

The proof is in [1]. Statement (1) characterizes the con-
vexity of the stopping set and Statement (2) gives an easily
computable subset of S. Statements 3 and 4 assert that the
myopic strategy µ(π) comprising of increasing step functions
lower bounds the optimal strategy µ∗(π). The myopic strategy
defined in (24) is computed trivially on the simplex Π(X).

VI. NUMERICAL EXAMPLE

Optimal Sampling with Binary Erasure Channel: Here we
elaborate on the numerical example given in the introduction.
Consider X = 2, Y = 3, L = 5, d = 0.0235, m(e1, u) = 0,
m(e2, u) = 0.1647, {D1, D2, D3, D4} = {1, 3, 5, 10}.
(a). Quickest Detection: Suppose

A =

[
1 0

0.1 0.9

]
, f =

[
0.3 0.7 0
0 0.2 0.8

]
The noisy observations of the Markov chain specified by
observation probabilities f models a binary non-symmetric
erasure channel. Note that a binary erasure channel is TP2
by construction and so (A3) holds.

The optimal strategy was computed by forming a grid
of 1000 values in the 2-dimensional unit simplex, and then
solving the value iteration algorithm over this grid on a horizon
N such that supπ |VN (π)−VN−1(π)| < 10−6. Fig.1(a) shows
that when the conditions of Theorem 2 are satisfied, the strat-
egy is monotone decreasing in posterior π(1). To show that the
sufficient conditions of Theorem 2 are useful, Fig.1(b) gives
an example of when these conditions do not hold, the optimal



strategy is no longer monotone. Here m(e1, u) = 0.1647,
m(e2, u) = 0 and therefore violates (A1) of Theorem 1.

(b). Quickest Estimation: Consider the quickest state es-
timation problem with identical parameters to above except

A =

[
0.9 0.1
0.4 0.6

]
. The problem satisfies the assumptions of

Theorem 2 and the optimal strategy is monotone decreasing
in π(1) ∈ [0, πM], where πM = 0.8 is computed via (22).
The optimal strategy is illustrated in Fig.1(c). Next consider

A =

[
0.1 0.9
0.6 0.4

]
which violates (A2). The optimal strategy

is non-monotone as illustrated in Fig.1(d). Fig.1(c) and (d)
highlight a significant difference between quickest detection
and quickest state estimation. In the former, the transition
matrix satisfies (A2) by definition. In the latter, choice of a
suitable transition matrix is important as shown in the figures.

For further numerical examples and detailed proofs, please
see [1], [15].
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